A ring R is called NI if N (R) forms an ideal of R and R is said to be directly finite if ab = 1 implies ba = 1 . It is well known that N I rings are directly finite. In [14, Theorem 2.4] , it is shown that quasinormal rings are directly finite.
A ring R is called a generalized quasinormal ring or GQN ring (abbreviated) if ea ∈ N (R) for each a ∈ N (R) and e ∈ E(R). Clearly, abelian rings are GQN , but the converse is not true because R = ( F F 0 F ) (where F is a field) is a GQN ring that is not abelian.
Since N (R) is an ideal for an N I ring R , every N I ring is GQN , but the converse is not true by the following example. 
is not an ideal of R , R is not an N I ring.
Thus, the class of GQN rings is a proper generalization of both abelian rings and N I rings.
Following [5] , an element x of R is called clean if x = u + e for some u ∈ U (R) and e ∈ E(R) . The ring R is said to be clean if all of its elements are clean. An element x of R is called exchange if there exists e ∈ E(R) such that e ∈ xR and 1 − e ∈ (1 − x)R . The ring R is said to be exchange if all of its elements are exchange. Clearly, clean elements are exchange, but the converse is not true unless one of the following conditions holds: 1) R is abelian [5] ; 2) R is left quasi-duo [15] ; 3) R is quasinormal [14] ; 4) R is weakly normal [13] . Various weakened form conditions stimulate us to continue the study of this topic. In this paper, we first discuss the properties of GQN inherited from abelian rings and left quasi-duo rings. Next, with the help of GQN rings, we discuss the relations among left quasi-duo rings, exchange rings, abelian rings, and strongly regular rings.
Some properties of GQN rings Theorem 2.1 (1) The following conditions are equivalent for a ring R : (a) R is a quasinormal ring; (b) ae = 0 implies eaN (R)e = 0 for each a ∈ N (R) and e ∈ E(R);
(c) ae = 0 implies eaN (R)e = 0 for each a ∈ R and e ∈ E(R).
(2) If R is a quasinormal ring, then R is GQN . (3) R is a GQN if and only if ae ∈ N (R) for each a ∈ N (R) and e ∈ E(R). (4) Let R be a GQN ring. If a, b ∈ R and e ∈ E(R), then ea(1 − e)be ∈ N (R).

Proof (1) (a) =⇒ (b) is clear.
(b) =⇒ (c) Let a ∈ R and e ∈ E(R) with ae = 0 . Then ea ∈ N (R) and (ea)e = 0 , by (b), and one obtains e(ea)N (R)e = 0; that is, eaN (R)e = 0 . (2) Let e ∈ E(R) and a ∈ N (R). Since R is a quasinormal ring and (a(1 − e))e = 0 , ea(1 − e)N (R)e = 0 by (1). Since a ∈ N (R), a n = 0 for some n ≥ 1 and a i ∈ N (R) for all 1 ≤ i ≤ n . Hence, ea(1 − e)a i e = 0 , and this gives eaea i e = ea i+1 e for all i ; it follows that (ea) i+1 = ea i ea and in particular one obtains (ea) n+1 = 0 , so ea ∈ N (R). Hence, R is GQN .
(3) If ea ∈ N (R) for a ∈ R and e ∈ E(R), then we have (ea) n = 0 for n ∈ N . Hence, (ae) n+1 = a(ea) n e = 0 . This shows that ae ∈ N (R).
(4) Clearly, (1 − e)be ∈ N (R). Let g = e + ea(1 − e) . Then eg = g and ge = e, so g 2 = gg = g(eg) = (ge)g = eg = g , and this implies g ∈ E(R) . Since R is a GQN ring, g(1 − e)be ∈ N (R) . Hence,
By Theorem 2.1 and [14, Theorem 2.1], we have the following corollary.
Corollary 2.2 R is a quasinormal ring if and only if ae = 0 implies eaE(R)e = 0 for a ∈ R and e ∈ E(R).
Proof In the proof of (c) =⇒ (a) in Theorem 2.1(1), substituting g for h, where g = e + h and h = (1 − e)ae (clearly, g 2 = g ), one can finish the proof. 2
Example 2.3 Let F be a field and R
Then R is not quasinormal by [14] . Since
Hence, the converse of Theorem 2.1 (2) is not true in general.
An element a of a ring R is called (strongly) regular if a ∈ aRa (a ∈ a 2 R ∩ Ra 2 ), and a is said to be unit-regular if a = aua for some u ∈ U (R). According to [6] , strongly regular =⇒ unit-regular =⇒ regular. A ring R is called regular if every element of R is regular; R is called strongly regular if every element of R is strongly regular.
Theorem 2.4 Let R be a GQN ring and a ∈ R . If a is a regular element, then a is a strongly regular element.
Proof Let a = aba for some b ∈ R . Write e = ba . Then
Since R is a GQN ring, gt ∈ N (R). Hence, there exists a positive integer m such that (gt) m = 0. Recall that a ring R is directly finite if ab = 1 implies ba = 1 for all a, b ∈ R , and R is said to be n regular [12] (2) and (3) are direct corollaries of (1 Recall that a ring R is nil -semicommutative [7] if ab ∈ N (R) implies arb ∈ N (R) for all a, b, r ∈ N (R). 
Proof (1) Clearly, Re + M = R . Let 1 = ae + m for some a ∈ R and m ∈ M . Then for any z ∈ R , one has y ∈ R , one has (1), and it follows that 1 = (1 − ex) + ex ∈ M , a contradiction. Hence, e / ∈ M , also by (1), and (2), and one has R = Rx + R(xg − 1) .
Hence, R = R(xg − 1), by Corollary 2.6(1), xg − 1 is invertible, and this gives xR
The following theorem addresses how to construct more examples of GQN rings from a given GQN ring.
Theorem 2.9
The following conditions are equivalent for a ring R :
ESE is a subring of S and every subring of GQN ring S is GQN , R is GQN .
( 
Theorem 2.10 If R is a finite subdirect product of a family of GQN rings {R
A left ideal I of a ring R is called regular if a ∈ aIa for each a ∈ I . A ring R is called left MVNR if R contains a regular maximal left ideal of R . Clearly, strongly regular rings are left M V N R .
Lemma 2.11 Let R be a GQN ring. If R is left M V N R , then R is reduced.
Proof Suppose that M is a regular maximal left ideal of R and suppose that a ∈ R with a 
f h = dh is an idempotent element, so dh = 0 , and it follows that h = hdh = 0 . Hence, am − ame = h = 0 ,
Hence, in any case, one has a = aca for some c ∈ R . Write
Since ga = ca is an idempotent element of R , ca = 0 and a = aca = 0. Therefore, R is reduced. 
is a generalized GQN ring, then so is R .
Proof (1) Let e ∈ M E l (R) . Then e / ∈ J(R). LetR = R/J(R) andē = e + J(R). Then we claim that
e ∈ M E l (R). In fact, assume that a ∈ R such thatāē ̸ =0 . Then ae ̸ = 0 , and it follows that Rae = Re , so e = bae for some b ∈ R ; this impliesē =bāē . Hence,ē ∈ M E l (R). SinceR is a generalized GQN ring,
Re is a minimal left ideal of R , and this implies e ∈ J(R), which is a contradiction.
Hence, (xe) n = 0, and it follows that xe ∈ N (R). Thus, R is a generalized GQN ring.
Similarly, we can show (2). 2 Proposition 3.2 Let R be a generalized GQN ring and f ∈ E(R). If Rf R = R , then f Rf is generalized GQN .
Proof Let e ∈ M E l (f Rf ) and choose a ∈ R such that ae ̸ = 0 . Since Rf R = R , 1 = ∑ n i=1 s i f t i for s i , t i ∈ R , it follows that ae = ∑ n i=1 s i f t i af e , and this implies that there exists i 0 ∈ {1, 2, · · · , n} such that f t i0 af e ̸ = 0. Since e ∈ M E l (f Rf ), there exists x ∈ f Rf such that e = xf t i0 af e = (xf t i0 )ae, and this shows that e ∈ M E l (R) . Since R is a generalized GQN ring, ey ∈ N (R) for all y ∈ N (f Rf ), so ey ∈ N (f Rf ) for all y ∈ N (f Rf ). Hence, f Rf is generalized GQN . 2
Proposition 3.3 R is a generalized GQN ring if and only if the 2 × 2 upper triangular matrix ring T 2 (R) is a generalized GQN ring.
Proof Let e 11 = ( 1 0 0 0 If e 1 ̸ = 0, then e 1 ∈ M E l (R) and e 3 = 0 . In fact, assume that a ∈ R satisfies ae 1 ̸ = 0 . Then AE ̸ = 0
. Hence, b 1 ae 1 = e 1 and e 3 = 0 , and it follows that
If e 1 = 0, then 0 ̸ = e 3 ∈ M E l (R). In fact, assume that x ∈ R such that xe 3 ̸ = 0 , and then DE ̸ = 0
, and this implies
Recall that a ring R is left quasi-duo [15] if every maximal left ideal of R is an ideal, and R is said to be M ELT if every essential maximal left ideal of R is an ideal. Clearly, left quasi-duo rings are M ELT , but the converse is not true.
Proposition 3.4 R is a left quasi-duo ring if and only if R is a generalized GQN M ELT ring.
Proof
We first assume that R is a left quasi-duo ring. Then R is M ELT . Now let a ∈ N (R) and e ∈ M E l (R). If ea = 0, then we are done. If ea ̸ = 0 , then l(ea) = l(e) is a maximal left ideal of R . Since R is a left quasi-duo ring, l(ea) is an ideal of R . Since 1 − e ∈ l(ea), (1 − e)a ∈ l(ea) , this gives aea = eaea . Since a ∈ N (R) , there exists n ≥ 1 such that a n = 0 , so (ea) n+1 = a n ea = 0 . Hence, R is generalized GQN .
Conversely, assume that R is a generalized GQN M ELT
be. If h = 0 , then be = ebe and mbe = mebe = 0 , a contradiction. Hence, h ̸ = 0 and Rh = Re . Let e = ch for some c ∈ R . Then ec(1 − e)h = e. Write g = e + ec(1 − e) . Then g ∈ M E l (R) and gh = e . Since R is a generalized GQN ring, gh ∈ N (R), which is a contradiction. Hence, mbe = 0 , and this gives mb ∈ M . Thus, in any case, we have that M is an ideal, so R is a left quasi-duo ring.
2
The following corollary is an immediate result of Proposition 3.4.
Corollary 3.5 GQN M ELT rings are left quasi-duo.
Proposition 3.6 The following conditions are equivalent for a ring R : (1) R is a generalized GQN ring;
(2) Ra + R(ae − 1) = R for all a ∈ R and e ∈ M E l (R);
(1) =⇒ (2) If Ra+R(ae−1) ̸ = R , then there exists a maximal left ideal M of R containing Ra+R(ae−1) . If M is essential, then Re ⊆ M , and it follows that ae ∈ M , so 1 = ae + (1 − ae) ∈ M , a contradiction. Hence, M is not essential, and this gives M = l(g) for some g ∈ M E l (R) . Hence, ag = 0 and g = aeg . Since R is a generalized GQN ring, similar to the sufficiency proof of Proposition 3.4, one can show that eg = geg , and it follows that g = aeg = ageg = 0, a contradiction. Thus, Ra + R(ae − 1) = R .
(2) =⇒ (3) is trivial.
(3) =⇒ (1) Let a ∈ N (R) and e ∈ M E l (R) . If ae / ∈ N (R) , then Re = Rae . Let e = cae for some c ∈ R and h = ae − eae. If h ̸ = 0, then Re = Rh. Write e = dh for some d ∈ R and g = e + ed − ede . Then gh = e and g ∈ M E l (R). By (3), we have Rh+R(hg −1) = R , so Rh = Rh 2 +R(hg −1)h = 0 , a contradiction. Hence, ae = eae, and it follows that e = cae = ceae = c 2 aeae = c 2 a 2 e = c 2 ea 2 e = c 3 aea 2 e = c 3 a 3 e = · · · = c n a n e for all n ≥ 1 . Since a ∈ N (R), e = 0, a contradiction. Hence, ae ∈ N (R) ; this implies R is a generalized GQN ring. 2
GQN exchange rings
An element x ∈ R is said to be exchange if there exists e ∈ E(R) such that e ∈ xR and 1 − e ∈ (1 − x)R . The ring R is said to be exchange if all of its elements are exchange. An element x ∈ R is said to be clean if x = u + f for some u ∈ U (R) and f ∈ E(R). The ring R is said to be clean if all of its elements are clean.
In [5, Proposition 1.8] it is shown that clean rings are exchange, but the converse is not true by [4, Example 1]. In [5] it is shown that abelian exchange rings are clean; [15] showed that left quasi-duo exchange rings are clean; [14, Proposition 4.1] showed that quasinormal exchange rings are clean. Clearly, the integral ring Z is GQN but not exchange. The full matrix ring over a field F is exchange but not GQN. In the following, we will study the exchange property of GQN rings.
Theorem 4.1 Let R be a GQN ring and x ∈ R . If x is exchange, then x is clean.
Proof Let e ∈ E(R) satisfy e = xa and 1 − e = (1 − x)b for some a, b ∈ R . Let y = ae and z = b(1 − e).
Then e = xy and 1 − e = (1 − x)z . By simple calculation we obtain that (
Since (ez)
Since R is a GQN ring and ((1−e)yz(1−e)y) 2 = 0,
, and this
Theorem 4.1 implies the following corollary.
Corollary 4.2 (1) Let R be a GQN ring. If R is exchange, then R is clean.
(2) Let R be a quasinormal ring. If R is exchange, then R is clean.
Recall that a ring R is said to have stable range 1 (cf. [9] ) if for any a, b ∈ R satisfying aR + bR = R , there exists y ∈ R such that a + by is right invertible. It is well known that an exchange ring has stable range 1 if and only if every regular element is unit-regular.
It is well known that an exchange ring R has stable range 1 if and only if for any a, x ∈ R and e ∈ E(R), ax + e = 1 implies a + ey ∈ U (R) for some y ∈ R .
Proposition 4.3 An exchange ring R has stable range 1 if and only if for every regular element
Proof The necessity is clear. Now assume ax + e = 1, where a, x ∈ R and e ∈ E(R) . Then a = axa + ea. If ea = 0 , then a = axa .
By hypothesis, there exists u ∈ U (R) such that a − aua ∈ Z l (R) . Let a = aua + z for some z ∈ Z l (R) . Then
follows that g ∈ Z l (R) , so g = 0, and this gives 1
and it follows that 1 − zx − zu ∈ U (R); that is, au − e ∈ U (R). Let au − e = v for some v ∈ U (R).
Then a − eu 
Corollary 4.4 Exchange GQN rings have stable range 1.
A ring R is called left topologically boolean, or a left tb-ring [2] for short, if for every pair of distinct maximal left ideals of R there is an idempotent in exactly one of them.
Theorem 4.5 Let R be a GQN exchange ring. Then R is a left tb-ring.
Proof Suppose that M and N are distinct maximal left ideals of R . Let a ∈ M \N . Then Ra + N = R and 1 − xa ∈ N for some x ∈ R . Clearly, xa ∈ M \N . Since R is a GQN exchange ring, R is clean by Corollary 4.2, so there exist an idempotent e ∈ E(R) and a unit u in R such that xa = e + u. If e ∈ M , then u = xa − e ∈ M , from which it follows that R = M , a contradiction. Thus, e / ∈ M . If e / ∈ N , then 1 − e ∈ N by Proposition 2.8(1) and hence u = (1 − e) + (xa − 1) ∈ N . It follows that N = R , which is also not possible. We thus have that e belongs to N only.
2 Theorem 4.6 Let R be a GQN exchange ring. Then R/P is a division ring for every left primitive ideal P of R .
Proof According to [10, Theorem 1] , an exchange ring with only two idempotents is a local ring. Now let a ∈ R satisfy a − a 2 ∈ P . Since R is an exchange ring, idempotents can be lifted modulo P , and there exists e ∈ E(R) such that e − a ∈ P . If eR(1 − e) ⫅̸ P , then there exists a maximal left ideal M of R such that
Since R is a GQN ring, by Proposition 2.8(1), e ∈ M , so 1 − e / ∈ M , and again by Proposition 2.8(1), eR ⊆ M ; this implies e ∈ P . If eR(1 − e) ⊆ P , then either e ∈ P or 1 − e ∈ P . Hence, in any case, we have either a ∈ P or 1 − a ∈ P , and it follows that R/P has only two idempotents. Since R/P is an exchange ring, R/P is a local ring. Since R/P is a left primitive ring, R/P is a division ring. 2
It is well known that abelian rings need not be left quasi-duo and GQN rings need not be left quasi-duo. The following corollary shows that exchange GQN rings are left quasi-duo, which is also a corollary of [14, 
GQN semiperiodic rings
Following [1] , a ring R is said to be semiperiodic if for each x ∈ R\(J(R) ∪ Z(R)) , there exist m, n ∈ Z, of opposite parity, such that x n − x m ∈ N (R). Clearly, the class of semiperiodic rings contains all commutative rings, all Jacobson radical rings, and certain non-nil periodic rings.
Lemma 5.1 Let R be a GQN ring. If R is a semiperiodic ring, then N (R) ⊆ J(R).
Proof Let a ∈ N (R) with a k = 0, and let x ∈ R . If ax ∈ J(R) , then ax is right quasiregular, and if leads to e = 0 and (ax) q = 0, which shows that ax is right quasiregular. Thus, a ∈ J(R) . 2
Theorem 5.2 If R is a GQN semiperiodic ring, then R/J(R) is commutative.
Proof By [1, Theorem 4.3] , R is either commutative or periodic, so we may assume that R is periodic. Since Proof In the proof of Theorem 5.2, we obtain that if R is not commutative, then J(R) = N (R). Hence, (2) holds and (1) also holds for noncommutative ring R . But also if R is commutative, N (R) is an ideal; hence,
J(R) contains no nonzero idempotents, J(R) is contained in
(1) holds in any case. 2
